We investigate the equilibration and the equation of state of the hot hadron gas at finite baryon density using an event generator which is so designed to satisfy detailed balance at finite temperatures and finite baryon densities of the hadronic scale (80 MeV < T < 170 MeV, 0.157 fm −3 < n B < 0.315 fm −3 ). Molecular-dynamical-simulations are performed to the system of hadrons in the box with periodic boundary conditions. Starting from an initial state composed of only nucleons with uniform phase-space distribution, the evolution takes place through interactions such as collisions, productions and absorptions. The system approaches to the stationary state of baryons, mesons and their resonances, which is characterized by the value of the exponent in the energy distribution common to the different particles, i.e., temperature.
From a viewpoint of microscopic dynamics, hot and dense hadron gas has many unique properties, e.g., the coexistence of light relativistic particles and non-relativistic heavy particles, productions and absorptions of particle-anti-particle pairs, large degrees of freedom of resonanced states, etc. Such features are quite different from the ordinary classical molecular dynamical systems, and properties of hadron gas in on-equilibrium and off-equilibrium are highly nontrivial and very interesting target of theoretical challenge. Especially, equation of state (EOS) and transport coefficients of hot and dense hadron gas are quite attractive and important quantities both in high-energy nuclear physics and cosmology. In ultra-relativistic heavy-ion experiments at CERN and BNL, though the final goal is set to the search for Quark-Gluon Plasma (QGP), the physics of a hadron gas dominates the produced system, and knowledge on the EOS and transport coefficients of a hadron gas is highly required for the better understanding of the experimental results [1] [16] . In cosmology, inhomogeneous nucleosynthesis at early stage of the universe is one of the attractive possibilities for the origin of the matter and baryon diffusion constant is a key quantity in this scenario [2] .
In spite of their great importance, the EOS and transport coefficients of hot and dense hadron gas are still poorly known, because of the nonperturbative property of the strong interaction. Numerical simulation based on Lattice QCD is a powerful tool for the nonperturbative QCD, and lots of calculations about EOS of hot quark-gluon plasma phase have been performed [3] [4] [5] . However, quantitative investigation in hadron phase is very difficult and only few useful results have been obtained yet. In spite of several novel approaches [6] [7] , inclusion of chemical potential is still difficult for SU(3) lattice QCD.
Moreover, the progress of study of transport coefficients is very slow and only a calculation for the pure gluonic matter has been evaluated recently [8] .
Phenomenologically, many thermodynamical models have been proposed. Though these models can describe an aspect of the properties of the hadronic matter, whether these models are realistic enough or not is unclear. For example, Hagedorn has proposed bootstrap model many years ago but the problem of the limiting temperature has been pointed out [9] . On the other hand, hot and dilute hadron gas is often regarded naively as an ideal gas of massless pion and massive baryons. Since pion is the lightest mode which should be excited predominantly, this picture seems to provide a reasonable starting point. However, residual interaction may not be negligible. This simple picture can be partly improved by taking a "size" of hadrons into account through the excluded volume effect such as van der Waals equation [10] [11] [12] . However, it is still not clear how appropriate such an approximation is.
Although the excluded volume imitates the effect of repulsion between hadrons, microscopic interactions of a hot and dense hadron gas are much more complicated and roles of them are not trivial. Thus, we need to investigate the thermodynamical property of a hadron gas by using a microscopic model which includes realistic interactions among hadrons. Here, we adopt a relativistic collision event generator, URASiMA (Ultra-Relativistic AA collision Simulator based on Multiple scattering Algorithm) [18] [19] [20] , and perform a moleculardynamical simulations to the system of hadron gas.
In this paper, we focus our interest on the "hadronic scale" temperature (80 MeV < T < 170 MeV) and baryon number density (0.157 fm −3 < n B < 0.315 fm −3 ) which is expected to be realized in high energy nuclear collisions. Thermodynamical properties and transport coefficients of hadronic matters in this region will play very important role in many phenomenological model. Sets of statistical ensembles are prepared for the system of fixed energy density and baryon number density. With use of those ensembles, equation of state is investigated in detail. The statistical ensembles have already applied to the calculations of diffusion constant of hot and dense hadron gas [14] . Calculations of viscosity and heat conductivity are also now in progress [15] .
In our previous work, we have already made a pilot study on the equation of state of a hot and dense hadron gas by the event generator URASiMA [13] . In the work, approximate saturation of the temperature, like the Hagedorn's limiting temperature, appears. Recently, Belkacem et al., performed a similar calculation using a different event generator UrQMD and they also have reported the occurrence of saturation of the temperature [21] [22] . Though those works gave valuable hints to the nature of the hadron gas, some results are misleading, because, in these simulations, the detailed balance of the processes is explicitly broken. Both models don't include multi-body absorptions which are reverse processes of multi-particle production. For the energetic hadrons in a closed system, we need both processes to ensure detailed balance. If the detailed balance is broken, the reversibility of the equilibrated system is realized no longer. A luck of reversal process of multi-particle production causes one way conversion of kinetic energy to particles and artificial saturation of the temperature can occur. Although it is interesting and important to formulate these multi-body absorption processes exactly in the simulation, straightforward implementation of them is very difficult and not practical. In this paper, avoiding to solve this complicated problem, we take a practical way. We improve URASiMA to recover the detailed balance at temperatures of present interest 1 by adopting the idea which will be discussed in the next section.
In section II, we describe the method of our simulation. We also introduce URASiMA and explain the way to improve it to recover detailed balance effectively. In section III, we discuss the equation of state of the hadron gas, and compare them with those of the free gas model. In order to confirm that the obtained result is insensitive to the system size, we also investigate the finite size effect. Section IV is devoted to summary and outlook.
II. TOOL AND METHOD

A. Method of the simulation
In this work, we focus our investigation on the thermodynamical properties of hadronic system. For this purpose, we put the system in a cubic box and impose the periodic boundary condition in configuration space, i.e., if a particle goes out from the box, another one with the same momentum comes in from the opposite side. We show the boundary condition 1 About several hundred MeV.
pictorially in fig.1 , where the box locating in the center is the system we call as the real box and the others are replicas. When we survey would-be collision points of the particles in the real box, we have to survey collisions not only between particles in the real box but also collisions with particles in replicas.
The energy density ε and the baryon number density n B in the box are fixed as input parameters and these quantities are conserved throughout the simulation. Initial distributions of nucleons are given by uniform random distributions in a phase space. Momenta of particles are adjusted to satisfy the initial condition of energy,
the center of mass system of particles, i.e.,
After such initialization, the time evolution subject to the event generator URASiMA, takes place. Though initial particles are only nucleons, many mesons are produced through interactions.
In order to confirm an achievement of the stationarity of the state, we monitor particle densities and collision frequencies. We also check energy distributions of each particles. As time goes on, system seems to become stationary. Whether energy distributions approach to Boltzmann distribution is a fundamental question. If the system is in thermal equilibrium, slope parameters of energy distributions of all particles should become common value, i.e., inverse of temperature. In order to confirm this point, we analyze the chronological evolution of the inverse slopes of various particles.
Running URASiMA many times with the same input parameter and taking the stationary configuration in the equilibrium, we can obtain statistical ensembles with fixed temperature and fixed baryon number density. By using these ensembles, we can calculate thermodynamical quantities, such as particle density, pressure, and so on, as a function of temperature and baryon number density.
B. Event generator URASiMA
URASiMA is originally designed to simulate the ultra-relativistic AA collision experiments (Here we call it URASiMA-A) [20] . In this work, we improve URASiMA to study the thermo-equilibrium systems in the box (URASiMA-B). In both models, collisions are generated when the distance between particles becomes smaller than their interaction range which is defined by the relevant total cross-sections. We explain the fully relativistic method to search the would-be collision points in appendix 1. Fundamental processes in the URASiMA-A/B are 2-body elastic and quasi-elastic collisions between hadrons, multi-particle productions, and strong decays of resonances. Hadronic experimental data is used as input of the model [29] . The processes which URASiMA-B includes are as follows:
where R and r denote baryon and meson resonances, respectively. [28] . The detailed explanation about the multi-particle production is given in Appendix 3.
In cases of high energy hadron/nuclear collisions, absorption processes are not so important. URASiMA-A includes direct multi-particle production (n ≥ 1), and 1-π production/absorption via ∆ 1232 . In spite of the limited number of processes and particle species, URASiMA-A well reproduces the global features of the experimental data [20] .
However, in the studies of the thermo-equilibrium systems, whether detailed balance is maintained or not is an important aspect of the generator. Though the contributions of the multi-particle productions are mainly important at the early stage of the non-equilibrated system, the absence of reverse processes will lead one way conversion of the energy to particles and artificial temperature saturation at equilibrated system [13] [22] . However exact treatment of the multi-particle absorption processes is very difficult. In order to treat them give appropriate total cross section, we need to take direct production process into account.
In our simulation, only at this point, detailed balance is broken. Nevertheless, if temperature is much smaller than 3 GeV, the influence of broken detailed balance is negligibly small. For example, if the temperature of the system is 100 MeV, occurrence of such process is suppressed by a factor of exp(−30) and thus time scale to detect violation of detailed balance is very much longer than the hadronic scale.
In order to demonstrate the describability of the URASiMA-B, we compare the results of URASiMA-B with the high energy nuclear collisions at BNL/AGS in Appendix 4.
III. RESULTS
A. Parameters
Focusing our interest on the region of the temperature and baryon number density which is expected to be produced in high energy nuclear collisions, we use input parameters given in table II. Here n B = 0.156 fm −3 stands for the baryon number density of the normal nuclear matter. Thus, the baryon number density of our simulation corresponds to 1 ∼ 2 times larger than that of the normal nuclear matter. The total isospin of the system is set to zero, i.e., the number of protons is equal to that of neutrons at the start. Here we shall briefly discuss the time scale of the chemical relaxation of the system. Figure 2 shows that the number density n(t) seems to be relaxed exponentially,
Based on this fact, we can easily estimate the relaxation time τ of particle densities that approaches to the chemical equilibrium. We show results on nucleon, pion and ρ densities in table III. As for the nucleon and pions, obtained τ is 7 ∼ 20 fm/c, and is dependent on energy density. On the other hand, we have remarkably larger value for ρ.
Song and Koch calculated chemical relaxation time of pions in hot hadron gas using the effective chiral Lagrangian [34] . They estimate a chemical relaxation time for π at T ∼ 150
MeV as 10 fm/c, which are almost consistent with the present results. However , table III shows the existence of several different time scales, and some of them can be remarkably long. Though these values may depend on the initial condition of the simulation, our results indicate the possibility that hadronic system has a long relaxation time in a certain case.
C. Thermal equilibration and temperature Figure 5 shows energy distributions of N 938 , ∆ 1232 , π and ρ 770 at t = 5, 10, 50 fm/c. We plot results as a function of kinetic energy K = E − m, so as to coincide the horizontal axis for all particle species with each other. Energy distributions approach to Boltzmann distributions with time,
where β is a slope parameter of the distribution. Moreover, slopes of energy distributions converge to the common value. These results indicate that the achievement of the thermal equilibrium. π is compared to inverse slopes of other particles.
To confirm the establishment of the thermal equilibrium, difference of inverse slope from the one of pion at time t,
is calculated, where j corresponds to N 938 , ∆ 1232 and ρ 770 . j 's become zero in the accuracy of statistics at the time later than 150 fm/c. Therefore, we conclude that the thermal equilibrium is established at about t ∼ 150 fm/c; inverse slope parameters of energy distribution of all particles become the common value at later than this time. Thus we can call this value the temperature of the system. For the later use, we define the temperature of the system as follows:
where β 
D. Thermodynamical quantities
Figures 7∼9 show the relation between the temperature and thermodynamical quantities such as the energy density, the particle density and the pressure. In these figures, all lines correspond to the relativistic Fermi-Dirac or Bose-Einstein gas with a finite width of mass,
i.e.,
where d h denotes a degeneracy factor and ρ R (m) is the mass spectral function which is given E. Entropy Figure 11 shows the entropy per baryon versus the temperature. Here lines correspond to free gas calculations. In order to define the entropy, we divide the phase space into small cells of which volumes are equal to (hc)
Particle exists in the cell.
0 : The cell is empty.
The definition of the entropy is given by
where
> is the ensemble average of the density operator of a cell,
and trace stands for the average over phase space, respectively. Figure 11 shows that the hadron gas has a larger value of S/N B than that of the free gas model for T > m π , because a great part of the energy of the system is devoted to particle (entropy) productions.
Moreover, our results show a clear dependence on the baryon density. Thus the frequently used ansatz that S/N B is insensitive to n B seems unreasonable assumption. Therefore, our results indicate that the free gas model provides only poor description for these quantity above T > m π . Hence, we should be more careful to use a free gas model in the interpretation of the ultra-relativistic heavy ion experiments, even if some corrections, such as the excluded volume effect, are considered [35] [36] [37] .
Furthermore, some models seem insufficient to count dynamical degree of freedom per baryon. For example, EOS based on σ − ω model [38] predicts S/N B ∼ 5 (see ref. [39] ) independent of temperature while our result gives S/N B ∼ 18.6 ± 0.2 at T = 150 MeV and 29.2 ± 0.1 at T = 170 MeV at the normal nuclear matter density.
F. Sound velocity
Pressure of the system is given as,
From fig.12.(a) , we find that our results and free gas calculations show almost a linear dependence of the pressure on the energy density within the range of the present study. It indicates the constant value of the sound velocity v S ≡ ∂P ∂ε
. Our results can be fitted by the following function with parameters v s and ε 0 ,
Values of the parameters at three different baryon number densities are shown in table IV.
Obtained values of the sound velocity are smaller than those of the free gas.
To clarify the situation further, we investigate partial pressures. As we have shown in fig.7∼9 .(a),(b), pressures and energy densities of baryons versus the temperature are not so deviated from the free gas. On the other hand, the partial pressure of mesons shows clear deviation from free gas model. In fig.12 .(b), partial pressures of mesons are plotted versus corresponding partial energy densities. It is interesting that pions behave like free gas for this quantity. On the other hand, the slope of ρ meson is smaller than that of the free gas. In fig.7 .(c),(d), we find that π and ρ have almost the same energy density at high temperature.
Thus, it is natural that the reduction of the sound velocity is caused by ρ meson. This result indicates that ρ meson and its interactions play the important role to the thermodynamical property of hadron gas.
G. Finite size effect
Finally, we check the finite size effect of our calculation. To see this, we prepare four different sizes of the box, i.e., 64.0 fm 3 , 128.0 fm 3 , 216.0 fm 3 and 1000.0 fm 3 . A volume dependence of the total particle density is shown in fig.13 . We cannot find any differences among four sizes of the box. Other thermodynamical quantities also show the same results.
As concerns thermodynamical quantities, we may regard 64.0 fm 3 is enough large spatial size.
Furthermore, we compared relaxation length and spatial box size. In a previous paper we investigate baryon diffusion constant [14] . First fluctuation dissipation theorem tells us that diffusion constant D is given by current (velocity) correlation [40] ,
In our definition, the correlation function < · · · > is given by,
Correlation functions damp exponentially with time ( fig.14) ,
thus the diffusion constant can be rewritten in a simple form as
where τ B is the relaxation time of the baryon current. Figure 15 shows the volume dependence of τ B · < v B >, where < v B > denotes the average speed of baryons, thus τ B · < v B > has the dimension of the length. Though this quantity shows a clear dependence on the size of the box at low energy density (ε = 0.370 GeV/fm 3 ), box size dependence seems disappear at larger volume than about 6 3 fm 3 . In this paper, for safety, we adopt box of volume V = 1000 fm 3 , therefore, our result in this paper is free from box size effect.
IV. SUMMARY
In this paper, we study the equilibration and the equation of state of the hot (80 MeV < T < 170 MeV) hadron gas with the finite baryon number density (0.157 fm 3 < n B < 0.315 fm −3 ) by using the event generator URASiMA which keeps the detailed balance in the hadronic energy scale. We perform molecular dynamical calculation to the system of hadrons in the box with periodic boundary conditions. Energy density and baryon number in our simulation correspond to hot hadron fluid which is expected to be produced in high energy nuclear collision. Our result of thermodynamical quantities can be related to experimental data through statistical model and hydrodynamical model.
Collision frequencies and particle densities show the saturation as the time evolution proceeds. These results indicate the chemical equilibration of the system. We also study the thermal equilibration of the system from the time evolution of inverse slopes of energy distributions. To confirm that the thermal equilibrium is established, it is demonstrated that slope parameters of N 938 ,∆ 1232 , π and ρ 770 become almost identical later than t ∼ 150 fm/c. Thus the temperature of the system can be defined after this time. APPENDIX: EVENT GENERATOR URASIMA
The search of would-be collision points
After the collision at a space-time point x µ 0 i = (t 0 i , x 0 i ), trajectory of the i-th particle is
given by the straight line,
where p µ i = (E i , p i ) and m i are the momentum and the mass of the particle after the collision, respectively. ξ i stands for the proper time,
Equation (A1) holds until the next binary collision occurs.
We adopt hard sphere approximation for binary collisions, that is, the collision occurs whenever the following condition is satisfied
with |b * | denoting the impact parameter in the CM frame of two particles, and σ being the total cross section, respectively. For the manifestly relativistic formulation, it is important to express the collision condition (A3) covariant way. For this purpose, we consider the CM frame of two particles 1 and 2 ( fig.16 ). When two particles are at the closest point, the
2 ) and the time t * c are defined as
where t * c denotes the time at which collision may occur. Here we define the total momentum Q µ * and the difference of momenta K µ * ,
Using Q µ * and K µ * , eq.(A4) is rewritten as
The invariant expressions of eq.(A6) are easily obtained as follows:
Replacing x 1 , x 2 in eqs.(A7) by eq.(A1), we find the following equations,
Solutions of these equations are easily obtained,
where J is defined as
Using eq.(A1) and eq.(A9), the invariant expression of the impact parameter is given by
This expression enables us to specify the collision point by momenta and space-time coordinates at the starting points. In the simulation, all candidates of collisions are searched by eq.(A11) and the earliest collision in the rest frame of the box is generated.
Absorption cross sections
By using reciprocity of S matrix, absorption cross section is related to the production cross section
with δ N N ′ being Kronecker's δ which is equal to 1 when final state nucleons belong to the same state. The relation (A12) is limited for the particles with definite mass. Extension of (A12) so as to take the width of resonance mass into account is straitforward [26] [27] [28] ,
where ρ R (m ′ R ) is the mass distribution function which is given by Breit-Wigner distribution.
Multi-particle productions
In high energy hadron-hadron collisions, n-particle (n ≥ 3) productions may occur. In our model, such kind of multi-particle productions are treated as direct processes. Such processes are very important in a early stage where energetic particles dominate the system.
In the present simulation, initial states include many energetic nucleons and multi-particle production takes place frequently. In the later stage, however, they seldom occur and their effect is negligibly small.
In URASiMA, multi-particle production process is realized based on Multi-Chain-Model [17] [18] [19] where exchange of hadronic chain causes direct emission of multipions. Figure   17 shows a diagram of N + N inelastic collisions. In this figure, leading nucleons exchange a chain, which produces secondary particles. Such a multi-particle production is specified by parameters as follows: probability distribution of light-like longitudinal momentum fraction
x N , which is carried by nucleons after collisions, is given by
The average energy which is carried by leading nucleons is α/(α + 1) times the initial energy.
The remainder which is in an average equal to 1/(α + 1) is consumed by the production of secondary particles.
In the C.M. frame of produced particles, the longitudinal momentum of the secondary particle is subject to the following distribution
with m T and y being the transverse mass and the rapidity of the secondary particle, respectively. √ŝ stands for the energy deposited in the blob of the diagram.
Transverse momentum distributions of leading and secondary particles are given by gamma distributions,
where p T denotes the transverse momentum. The slope parameter B j is another parameter of the model.
Secondary particles propagate freely without any interaction during the formation time τ after the emission,
where the proper formation time τ 0 is also one of parameters of URASiMA.
Comparisons with data of Nucleus-nucleus collisions at high energies
In order to examine descriptive power of the event generator URASiMA-B, we made the comparisons with the data of high-energy nuclear collision experiments. In this case, initial state is given by the energetic nucleons forming nuclei in free space. All parameters of the model are so tuned to reproduce the data of hadron-hadron collisions [29] [30] [31] [32] .
Results of our simulations are compared with experimental data of E802 collaboration for Si + Al central collision at 14.6 GeV/nucleon [33] . Figure 18 shows rapidity distributions for proton (left) and π + (right), where squares denote results of our simulation and filled circles stand for experimental results. Figure 19 shows the rapidity dependence of inverse slopes of transverse momentum distributions for proton (left) and π + (right). In both figures, URASiMA-B well reproduces global features of experimental data. Here V denotes a volume of the box, n B is a baryon number density, and ε is a total energy density, respectively. Here < E > denotes the average of the energy fraction which the leading nucleon carries after a collision. This quantity is related to the value of α which is one of adjustable parameters. The remainder of the energy fraction is consumed by the production of secondary particles whose momenta are determined according to the distribution characterized by β. 
TABLES
V [fm 3 ] n B [fm −3 ] ε [GeV/
